Prese nt ed a re methods that avoid th e need to em ploy an extrapolation tec hnique in the region of th e c riti cal points for e valuation of th e apparent e mmissivity of diffu se c ylindrical and coni cal caviti es. Th e meth ods involve appropriate s ubstitutions in the integrand s of integral equations that a re used in a nalytical so lut ions for determ inin g the th erm al radiation c ha racte ri sti cs of diffuse and co ni cal cavi ti es. Equations for ei th e r iso th ermal or noni soth e rm al surface temperature conditi ons a re provid ed in a direc t fo rm for co mputations. N um e ri cal res ults are prese nted for a general lin ea r tem pera ture d istribution along the le ngth of a cylindri ca l cavit y. T he meth od is equally app li cable for th e solut ion of othe r prob le ms in integral eq uation s where discont inuiti es are e nco untered.
Introduction
Analytical formulations have been derived [1 , 2, 3] 1 for de termining the radiant interchange in finite length cylindrical cavities, and conical caviti es who se bound· ing surfaces radiate in a gray diffu se manner. These solutions are in the form of integral equations where, unfortunately, most of the integrands ex hibit di scon· tinuities with finite limits at critical points, suc h as the corner of the cylindrical cavity and the apex of the conical cavity. Numerical solutions of th ese equa· tions in the region of the discontinuities have been previously evaluated by extrapolation techniques. Also, to a lesser degree of difficulty, some of the in· tegrand s exhibit slope discontinuities, which for accu· rate nume rical results may involve intricate numerical integration procedures .
Also presented is a system of integral equations for determining the thermal c haracteristics of diffuse cylindrical and conical cavities whose surfaces are nonisothermal. A few selected numerical results are included for the cylindrical cavity with an arbitrary linear temperature variation over its le ngth.
The purpose of this pape r is to present me thods for numerical evaluation of the apparent emissivity in these cavities that avoid use of an extrapolation tech· nique in the region of the critical points. For the main part, the methods involve appropriate substitutions which make the integrands go to zero at the critical points and at the points of slope discontinuity. 1m· petus for this investigation has been the nume rical evaluation of thermal radiation characteristics for parameters not included in the scope of references 1 and 2. A particular need has been the determination of the thermal characteristics for low values of the surface emissivity of s hallow cylindri cal cavities in· vestigated by Kelly and Moore [4] . I Figures in brac kets indi cat e th e literature re ferences at th e end of thi s paper.
Cylindrical Cavity
Analytical formulations for the apparent emiSSIVIty of the surfaces of cylindrical e nclos ures have been derived by Sparrow, Albers, an d Eckert [1] . Using the same nomenclature, their eqs (8) and (9) are pre· se nted here in a different form.
1-E(
and Ea is the apparent emissivity of a surface location; Ea(Xo) and Ea(r) represent values on the curved surface and flat surface, respectively, of the cylindrical cavity. The physical system is described in [1] . L is the length of the cavity, d is the diameter of the cavity, x is a ratio of the distance measured along the cavity wall from the opening to the diameter, and r is the ratio of the radius of a position on the bottom of the cavity to the cavity radius, R.
Initial attempts by the author at obtaining numerical solutions of (1) and (2) were frustrated by the erratic behavior of the kernels K2(xo, r) and K2(x, r) as r approaches unity and x and Xo approach LId (the corner of the system). Visual inspection of these kernels and integrals involved indicates an indeterminate form at these limits. In correspondence with L. U. Albers (coauthor of [1]), it was disclosed that an extrapolation technique was employed in the region of the corner, and that the results were quite insensitive to wide variations in types of extrapolation. Attempts at extrapolation by the author proved to be inconclusive. Indications were that the second differences were quite large in this region, showing that linear extrapolation may be inaccurate.
The suggested method for obtaining solutions is to make the integrand zero at the corner and make contributions to the results negligibly small in the region of the corner. This may be performed by making the substitutions (3)
The kernel K,(xo , x) has a discontinuous derivative at x = Xo. This did not seem to have an appreciable effect on the accuracy of numerical integration by Simpson's rule if the subdivision of LId was sufficiently small. The smaller the increment, the longer becomes the time needed to compute apparent emissivities, and it is therefore expedient to use as large an increment as possible. This can be done by making the integrand equal to zero at x = xu, and quite small in the vicinity of Xo, or by the substitution E,,(X) = E,,(Xn) + A(X) in the first integral of eq (1). Letting (7) and performing the indicated integration, we obtain
Ea(r) = Bo+ B,w+ tjJ(r) (4) With the substitution of (3), (4), and (7), eqs (1) and (2) become in the integrals of Substitution of the first two terms of (3) and (4) in the appropriate integrals of (2) and (1), and by rdr= -2dw,
From a table of int egrals
Numerical solutions were obtained from (Ia) and (2a) by the process of iteration, where all numerical integrations were performed by Simpson's rule and employed an increment equal to 1/64 of the difference of the limits of integration. This increment was proved adequate by comparison with results obtained using an increment of 11128. For a fixed value of LId, the kernel functions were computed only one time for all variations in the surface emissivity, E. K, (xo, x) was computed in a one-dimensional array where proper indexing gave translation about a given value of Xo. K2(x, r) was computed in two-dimensional array.
Initial values of Ea(X) were determined from rather crude polynomial approximations. Placing the values 10r~==~=:::~~~~~~~~~~~~~~~~~~~ 0.9
gave values for Ea(r) , which with the values of Ea(X) placed in (la) gave new values for Ea(X).
This process was repeated using the new values in (2a). The number of iterations (n) necessary for convergence was set by the criterion .15
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Apparent emissivi ty in a cylindrical cavity, Lid = J.
TABLE I
Valu es of E:u(r = O) and EII{r= 1)
. 
Overall heat trallsfer rate from cylilldrical cavities versus surface emissivity.
Conical Cavity
Analytical solutions for the apparent em Iss IvIty of the surfaces of diffuse conical cavities were derived by Sparrow and Jon sson [2] . He re, the problem is to evaluate an integral of the form
and y is the ratio of a s urface position meas ured from the apex to the total le ngth of a cone. The kernel fun ction Kl(y, t) has a discontinuous d erivative at y= t and a proble m arises for the case y = 0, which by visual in s pection giv es an ind e terminant form. This suggests a substitution of the form E,,(t) = E,,(y) + yet).
and performing the indicated integration , we obtain
. {(l-y)2 + 4y sin 2 (8/ 2 )) 1/ 2
For the case y=O, the second term is an indeterminant, but can be evaluated by L'Hospital's rule. This yields 1.1(0) = 1 -sin 3 (8/2). The integral (9) the n becomes
where the second term still contains th e ind e terminant form for y = o. By letti ng t > 0, and applying L'Hospital's rule, we find that the integrand goes to zero. Also, yeO) = 0, so that the seco nd term goes to zero for y = 0, and the limit beco mes
This is the same result deriv ed by C. H . Page in an internal NBS Report (1952) , where it was intuitively assumed that the apparent emissivity at the apex of the co ne would be independent of the length of the cone, or that the cone appears infinite. The upper limit of (9) was c hanged to infinity ; thi s yields E,/t) constant, hen ce equal to E,,(O). Another way to arrive at this limit for the case y = O is to assume y(t)=A lt + Azt 2 +. . . in eq (13) and perform the indicared integration and limiting process which will give the sa me result as eq (14) .
By making the s ubs tituti on y=x/L in eq (5) of [2], the eq ua ti on for the appare nt emissivi ty of a cavity maintained at uniform temperature is
E,,(y)= E+( l -E) {E(((y)J4(Y)
cos 2 (8/2) 11 }
whic h has a unique solution at y= 0,
This is the expre ssion for conical cavities s hown by F. J. Kelly, in a paper soon to be published , as de rivable from the ex pression for cavities used by Gouffe. It is also the expression derived by C. H. Page by another method (see discussion following eq (14) Equation (17) can be considered a good approximation to eq (15) for all cavities with surface emissivities equal to or greater than 0.7 and for all cavities with apex angles greater than 120° and emissivity greater than 0.3. For emissivities and apex angles below the values cited above, the deviation between the two equations is not acceptable. An example of the percentage deviation 12.
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-8. for various apex angles is given in figure 7 , where th e average deviation over the length is -2.3 percent for E=0.3 and 8 = 45°.
Cavities With Nonisothermal Surfaces
Equations 1, 2, and 15, are concerned with cavities for which the surfaces were assumed isothermal. In the succeeding paragraphs, there are presented systems for determining the apparent emissivities of cylindrical and conical cavities with arbitrary variat.ions of surface tem1)erature in respect to dimensions of length and radius, assuming the surface emissivity is constant and not a function of temperature.
Cylindrical Cavity
For the cylindrical cavity, the integral equations take the form 
The apparent emissivity is then found from the following: which satisfies (19) and (20) for C:
Dh·, which gives continuity to the temperature at Xo= Lid and r= 1. Figures 8 and 9 show solutions of (23) and (24) for E = 0.9 and 0.5, respectively, with Lld=2.0, and n=O, 1,2,3 , and 4. One simplifying procedure is to assume that the bottom of the cavity is isothermal at temperature To.
This eliminates the numerical solutions of (25) and (26): and (27) and (28) become The ratio of the cavity radiant heat exchange Q with the environment through the opening to that of a blac k disk of equal area at temperature To is
(
where
. ---T a bles 2, 3, a nd 4 give valu es of the co mponent the rm al radi ation ch arac teri stics EI/( " = 0), EI/(" = 1),
EI/(xo= O)
and QI/ fo r L /d =2 . 1. and 0.5, E= 0. 5, 0.6, 0.7, 0.8, and 0.9, a nd n = O. 
.2. Conical Cavity
For the conical ca vity, the integral equati on takes th e fo rm where T4( y) = Tif(y) = 1 + Ct y+ C2 y + . .. + Cmy'" (33) a nd To is th e te mpe rature at th e a pex of the cone, G3[Ea(t )] is th e coefficient of (1-E) in (15) and B(y) is the radia nt e mission .
A set of m integral e quations is defin ed by
The n the apparent e missivity is 
S. Discussion
Section s 2 and 3 present a n analytical treatm e nt by appropriate sub stitution in integrals whic h exhibit slope discontinuities or appare nt discontinuities or both at critical points, suc h as the corner of a cylil!-drical cavity and th e apex of a conical cavity. The substitutions (3), (4), (7), and (10) make the appropriate integrands go to zero when evaluated at the critical points and points of slope discontinuity, whereby the awkward behavior of the integrand is practically eliminated. With the transformed problem, as given by (Ia), (2a), and (15), accurate numerical results are readily obtained by use of a sufficiently small integration step and the fulfillment of the convergence criterion for the successive iterations.
It may be remarked that the very good agreement found between the numerical results arrived at by extrapolation in references 1, 2, and 3, and the rigorous analytical formulation given here shows that any e rror introduced by linear extrapolation was negligible. However, to avoid the uncertainties involved in extrapolation , this paper does provide the equations (isothermal and noni soth ermal) in a direct form for computation. The suggested method is equally applicable in oth er cases of integral equation s in which similar discontinuiti es are encountered.
The noni sothermal cy lindrical ca vity has bee n treated by Sparrow [5] . For the same valu es of the parame ters, th ere is generally good agree me nt be tween the nume ri cal res ults presented in thi s paper and refere nce 5. Two assump ti ons we re mad e in th e treatment [5] ; namely, (1) the te mperature over the base of the cavity was iso th ermal , and (2) the apparent emissivity over the base was co ns ta nt. For rela tively 147 deep caVItIes, these assumptions can be considered reasonable , but for shallow cavities there is some question as to the validity of th ese ass umpti ons. Figures  2, 3, and 4 , for example, show a cons id erable variation of apparent emissivity E,,(r) over the base of th e cavity.
Although numerical results are not presented in thi s paper for temperature variations ov er th e base of the cavity , this can be accomplished by evalu a tion of eq s (25) and (26). Also, numerical results are presented for general linear temperature distributions, but may be evaluated for all temperature distributi ons that may be represented in a polynomial or transcende ntal form.
